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Abstract 

The theory of Lie systems has recently been applied to Quantum 
Mechanics and additionally some integrability conditions for Lie sys- 
tems of differential equations have also recently been analysed from a 
geometric perspective. In this paper we use both developments to ob- 
tain a geometric theory of integrability in Quantum Mechanics and we 
use it to provide a series of non-trivial integrable quantum mechanical 
models and to recover some known results from our unifying point of 
view. 

1 Introduction. 

Some recent papers have been devoted to apply the theory of Lie systems 
[H El El 0] to Quantum Mechanics [El El- As a result it has been proved that 
such a the theory can be used to treat some types of Schrodinger equations, 
the so-called quantum Lie systems, to obtain exact solutions, t-evolution 
operators, etc. One of the fundamental properties found is that quantum Lie 
systems can be investigated by means of equations in a Lie group. Through 
this equation we can analyse the properties of the associated Schrodinger 
equation, i.e. the type of the associated Lie group allows us to know whether 
a Schrodinger equation can be integrated [E]. 

There are many papers devoted to study integrability of Lie systems, for 
instance the particular case of Riccati equations [71 [8]. It has been shown in 
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these papers that integrability conditions for Lie systems, in the particular 
case of Riccati equations, appear as related to some transformation properties 
of the associated equations in SL(2, JR.). It was also shown in a recent work [9] 
that the same procedure used to investigate Riccati equations can be applied 
to deal with any Lie system. 

In the case of a quantum Lie system, the corresponding Schrodinger equa- 
tion can be associated with an equation in a Lie group [5]. The transfor- 
mation properties of such an equation were investigated in the theory of 
integrability of Lie systems and they can be used in a quantum Lie sys- 
tem to study integrability conditions. All the results obtained in [9] can be 
straightforwardly translated to the quantum framework and some non-trivial 
integrable models can be obtained. The aim of this paper is to show how we 
can apply the theory of integrability of Lie systems to quantum Lie systems 
and to give some applications. 

The practical importance of this method is to be emphasised. It en- 
ables dealing with non-trivially integrable t-dependent Schrodinger equa- 
tions. This fact allows us to investigate physical models by means of non- 
trivial exact solutions. It also provides a procedure to avoid numerical meth- 
ods to study certain Schrodinger equations because when our methods can 
be applied, numerical methods are frequently not necessary and exact results 
can be used to test the efficiency and accuracy of different approximation 
methods. 

More specifically, in this paper we treat t-dependent spin Hamiltonians. 
This kind of Hamiltonians appear broadly in Physics [101 HH H21 H31 E] and, 
in particular, in the application of the adiabatic approximation to the study 
of Berry phases [HI CEH [13, [H]. In this topic, some exact solutions of certain 
non-trivial t-dependent spin Hamiltonians have been lately used to calculate 
geometric phases exactly and through the adiabatic approximation, getting 
in this way a method to check out the validity of such an approximation 
and solving some possible inconsistencies that have been lately pointed out. 
Furthermore, some works have recently been devoted to provide new inte- 
grable t-dependent spin Hamiltonians [HI EHl ETJ • In this paper, we explain 
why some of the t-dependent Hamiltonians appearing in all these works are 
integrable and we provide a method to get new integrable Hamiltonians in 
this and any other field where quantum Lie systems appear. 

The organisation of the paper is as follows. Section 2 is devoted to re- 
view some properties of the Differential Geometry of infinite-dimensional 
manifolds in order to analyse in Section 3 the theory of Lie systems and 



2 



Quantum Mechanics. Section 4 describes the spin Hamiltonian which ap- 
pears broadly in many fields in Physics and which gives rise to the usually 
known as Schrodinger-Pauli equation [22j and we show in this Section that 
the Schrodinger equation corresponding to this Hamiltonian is a quantum 
Lie system. In Sections 5 and 6 the theory of integrability conditions devel- 
oped in [HI [9] is applied to the Schrodinger equations studied in Section 4. 
In Section 7 we obtain some integrability conditions and in Section 8 some 
applications to Physics are given. 

2 Differential geometry in Hilbert spaces. 

In order to provide the basic knowledge to develop the main results 
of the paper, in this and next section we report some known results on 
the Differential Geometry in infinite-dimensional manifolds and quantum Lie 
systems. We also detail some results about quantum Lie systems which were 
not fully explained in previous works. For further details one can consult 

mum- 
As far as Quantum Mechanics is concerned, the separable complex Hilbert 

space of states Ti can be seen as a (infinite-dimensional) real manifold admit- 
ting a global chart [24]. Infinite-dimensional manifolds do not admit many of 
the classical results of the geometric theory of finite-dimensional manifolds, 
e.g. in the most general case and given an open U C Ti, there is not a 
one-to-one correspondence between derivations on C°°(U,M) and sections of 
the tangent bundle TU. Therefore, some explanations must be done before 
dealing with such manifolds. 

On one hand, given a point <p G H, a kinematic tangent vector with foot 
point is a pair (0, ip) with ip G Ti. We call T^Ti the space of all kinematic 
tangent vectors with foot point 0. It consists of all derivatives c(0) at </> of 
smooth curves c : R — ► Ti with c(0) = (p. This fact explains the name of 
kinematic. 

From the concept of kinematic tangent vector we can provide the defini- 
tion of smooth kinematic vector fields as follows: A smooth kinematic vector 
field is an element X G X(Ti) = r(7r), with TTi the so-called kinematic tan- 
gent bundle and 7r : TTi — > Ti the projection of this bundle. In another 
way, we define a kinematic vector field X as a map X : Ti — > TH, such that 
7r o X = ldft. Given a ip G Ti we will denote from now on X(ip) = (ip,X^,) 
with Xip the value of X(ip) in T^Ti. 
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In similarity with the Differential Geometry in finite-dimensional mani- 
folds, we say that a kinematic vector field X on 7i has a local flow on an open 
subset U C H if there exists a map Fl x : R x U —^H such that Fl(0, ip) = ip 
for all ip G U and 



X - d 



t=o aL 



i=0 



with Fifty) = Fl x (t,x). 

The definition of the Lie bracket at a point in a infinite dimensional 
manifold for two kinematic vector fields X, Y admitting local flows Fl x and 
FlJ coincides with the known formula used in finite-dimensional Differential 
Geometry and it reads 

' (Fl Y _,oFl x _ t oFlJoF?{i,)). (1) 



t=0 



Let us use all these mathematical concepts to study Quantum Mechanics 
as a geometric theory. Note that the Abelian translation group on 7i provides 
us with an identification of the tangent space T^Ti at any point (p G 7i with 
7i itself. Furthermore, through such an identification of H with T^H. at 
any G 7i a continuous kinematic vector field is just a continuous map 
X : 7i — > 7i, 

Starting with a bounded C-linear operator A on H, we can define the 
kinematic vector field X A by 

X* = A^j G H ~ T^H. 

Usually, operators in Quantum Mechanics are neither continuous nor de- 
fined on the whole space TL. The most relevant case is when A is a skew- 
self-adjoint operator of the form A = —iH. The reason is that Ti can 
be endowed with a natural (strongly) symplectic structure, and then such 
skew-self-adjoint operators are singled out as the linear vector fields that are 
Hamiltonian. The integral curves of such a Hamiltonian vector field X A are 
the solutions of the corresponding Schrodinger equation [HI [24]. Even when 
A is not bounded, if A is skew-self-adjoint it must be densely defined and, 
by Stone's Theorem, its integral curves are strongly continuous and defined 
in all H. 



4 



Additionally, these kinematic vector fields related to skew-self-adjoint op- 
erators admit local flows, i.e. any skew-self-adjoint operator A has a local 
flow 

F^(V>)=exp(M)(V0 as ^Flf^) = Aexp(tA)(^) = A(Flf^)). (2) 

We remark that given two constants A, \i 6 K. and skew-self-adjoint opera- 
tors A and B we get that X XA+ ^ B = XX A +fiX B . Moreover, skew-self-adjoint 
operators considered as vector fields are fundamental vector fields relative to 
the usual action of the unitary group U(H) on the Hilbert space 7i. 

Let us now investigate the Lie bracket of two kinematic vector fields X A 
and X B associated with skew-self-adjoint operators A and B. Indeed, taking 
into account (PQ) and ((2|), we get 



exp (-tB) exp (-tA) exp (tB) exp (tA) (if)) 



\ri3=0 

~ 2dt 2 
~ 2dt 2 

from where we obtain that 




t=o 



\ni=0 

{-t 2 AB + t 2 BA) (ip) 
(t 2 [B,A]) = 



t=o 



[[X A ,X B ]] = -X^ B \ 



(3) 



3 Quantum Lie systems. 

Now the theory of Lie systems applies to the case in which a t-dependent 
Hamiltonian can be written as a linear combination with t-dependent real 
coefficients of some self-adjoint operators, 

r 

H(t) = J2h(t)H k , (4) 

fc=i 
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where the operators iH k close on a real finite-dimensional Lie algebra V 
under the commutator of operators, i.e. 

r 

[iHj,iH k } = ^ °jkl iH h Cj k i E R, j, k = 1, . . . , r. (5) 

2=1 

We call V a quantum Vessiot-Guldberg Lie algebra and we say that H(t) is a 
quantum Lie system. 

A quantum Lie system H(t) determines a Schrodinger equation of the 
form 

^ = -iH(t)i/> = -J2 h(t)iH k ^, (6) 

A;=l 

describing the integral curves for the t-dependent kinematic vector field on 
H given by 

r 

X(t) = J2h(t)X k , 

k=l 

with X k the vector fields associated with the skew-self-adjoint operators 
—iH k . In view of the relation j3j) and the commutation relations ([5]), we 
obtain 

r 

[[Xj, X k }} = J2 CjkiXh j,k = l,...,r, (7) 
i=i 

and we can get the constants of structure of the vector fields X k by means 
of the commutators of the operators iH k . The linear combinations of the 
vector fields X kl with k = 1, . . . , r, span a real finite dimensional Lie algebra 
isomorphic to V. On one hand, whether 7i is a finite-dimensional manifold 
the Schrodinger equation (ED is a Lie system. On the other hand, if Ti were 
an infinite-dimensional manifold, such a Schrodinger equation is the infinite- 
dimensional analogue to a Lie system. 

Now we can choose a basis {& k \ k — 1, . . . , r} of an abstract Lie algebra 
isomorphic to V such that the Lie brackets of the elements a. k of this Lie 
algebra, denoted by [-,-], satisfy 

r 

[a,-, a fc ] = c jk i&i , Cj H e R. (8) 
i=i 

In this case one can show that there exists an unitary action $ : G x H — ► TC 
of a Lie group G C U (H) with algebra g on the Hilbert space TC such that 
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the elements of the basis {a^ \ k = 1, . . . ,r} satisfying (jHj) hold 

$(exp(-ta fc ),?/') = {X k )^ 

t=o 

i.e. the fundamental vector field associated with is the kinematic vector 
field Xk related to the skew-self-adjoint operator —iHk. 

Then, solving the Schrodinger equation for the quantum Lie system H{t) 
reduces to solving an equation in G given by 

r 

Rg-ug = -y^ftfc(Qa fc = aft), g(0) = e. 
k=i 

Once that this equation has been solved the solution of the Schrodinger 
equation with initial condition ip(0) is ip(t) = $(g(t),ip(0)), see [5]. 



d_ 

dt 



4 Spin Hamiltonians. 

In this section we investigate a particular quantum mechanical system 
whose dynamics is given by the Schrodinger-Pauli equation [22]. We first 
prove that this Hamiltonian is a quantum Lie system and in a later Section 
we apply the theory of the integrability of Lie systems to such a system. 

The system which we study is described by the t-dependent Hamiltonian 

H(t) = B x (t)S x + B y (t)S y + B z (t)S z , 

with S x , S y and S z being the spin operators. Let us denote Si = S x , S2 = S y 
and S3 = S z , then the t-dependent Hamiltonian H(t) is a quantum Lie 
system, because the spin operators are such that 

3 

[iSj, iS k ] - - ^ Ej H iS h j, k = 1,2, 3, (9) 
i=i 

with Ejki being the components of the fully skew-symmetric Levi-Civita ten- 
sor. The Schrodinger equation corresponding to this t-dependent Hamilto- 
nian is 

^ = -iB x (t)SM - iB y (t)S y (ij) - iB z (t)S z (iJ>), (10) 



7 



that can be seen as the differential equation for the determination of the 
integral curves for the t-dependent vector field in the (maybe-infinite dimen- 
sional) Hilbert space TC given by 

X(t) = B x (t)X x + B y (t)X 2 + B g (t)X 3 , 

with 

(Xi)^ = -iS x (tp), {X 2 ) ip = -iS y (ip), (X 3 )^ = -iS z (ip). 
The t-dependent vector field X can be written as a linear combination X(t) = 

3 

^^b k (t)X k of the vector fields X k with b\{t) = B x (t), b 2 (t) = B y {t) and 
fc=i 

63 (t) = B z {t) and therefore our Schrodinger equation is a Lie system related 
to a quantum Vessiot-Guldberg Lie algebra isomorphic to su(2). 

A basis of su(2) such that their fundamental vector fields are the X k is 
given by the following skew-selfadjoint 2x2 matrices 

0)' a2 "K-°i 0)' as "Ko -0" (n) 

These matrices satisfy the commutation relations 

3 

[a^a*.] = — ^Je 3 -fcjaj, j, k = 1,2, 3, 

i=i 

which are similar to ((9j). Hence, we can define an action $ : SU(2) x TC — > TC 
such that 

$(exp(c fc a fc ), ^) = exp(c k iH k )(ip), fc = 1,2,3, 
for any real constants ci, C2 and C3. Moreover, 

exj)(-itH k )(ip) = -iH k (ip) = (X k )^, 

t=o 

getting that X k is the fundamental vector field associated with a k . Thus, the 
equation in SU (2) related by means of $ to the Schrodinger equation (fTOl) is 

d 3 
fe=i 

8 



d_ 
dt 



$(exp(-it& k ),ip) 



It was shown in |5j that the group Q of curves in the group of a Lie system, 
in this case Q = Map(R, 577(2)), acts on the set of Lie systems associated 
with an equation in the Lie group G in such a way that, in a similar way to 
what happened in [7], a curve g £ Q transforms the initial equation (fT2l) into 
the new one characterised by the curve 

a'(*) = -Ad(g) (j2 6 *(*H ) + R 9- X *rj t = - J2 W)***- ( 13 ) 

\k=l / k=l 

Once again this new equation is related to a new Schrodinger equation in TL 
determined by a new Hamiltonian 

H\t) = j^y k {t)s k . 

k=l 

Additionally, it can be seen [5j that the curve g(t) in SU(2) induces a 
t-dependent unitary transformation U(t) on 7i transforming the initial t- 
dependent Hamiltonian H(t) into H'(t). 

To sum up, the theory of Lie systems reduces the problem of solving 
Schrodinger equations related to spin Hamiltonians H(t) to solve certain 
equations in the Lie group 577(2). Then, the transformation properties of 
the equations in SU{2) describe the transformation properties of H(t) by 
means of certain t-dependent unitary transformations described by curves in 
SU{2). 

Note also that the theory here developed for spin Hamiltonians can be 
straightforwardly applied to any other quantum Lie system. The only differ- 
ence is that other quantum Lie system H{t) may be related to other Lie group 
G. Anyway, the procedure described before can be applied again changing 
SU (2) by the new Lie group G. 

5 Lie structure of an equation of transforma- 
tion of Lie systems. 

Our aim in this section is to prove that the curves in 577(2) relating the 
equations defined by two curves a(i) and a'(t) in TjSU(2) ~ su(2), respec- 
tively, can be found as solutions of a Lie system of differential equations. 
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Recall that the matrices of SU (2) are of the form 



a 
-b* 



b 

a* 



a, b G C, 



(14) 



with \a\ 2 + \b\ 2 = 1 and the elements of su(2) are traceless skew-Hermitian 
matrices and therefore real linear combinations of the basis {a* | i — 1, 2, 3}. 
Then the transformation rule ( flBl . which can be considered as an equation 
in SU(2) for the curve g relating to equations in SU{2) determined by the 
curves a(t) and a! it) in su(2), becomes a matrix equation that can be written 



dg__ 1 



Tt 9 



^2b' k (t)a k + ^2b k (t)ga k g \ 



(15) 



k=l k=l 

Multiplying on the right by g both sides of this equation we get 

3 3 



dg_ 
dt 



^2 & fc(*) a *# + ^2 fe fc(*)# a * 



(16) 



k=l k=l 

Considering a reparametrisation of the t-dependent coefficients of g 

a(t) = xi(t) +iy 1 (t), 
b{t) =x 2 {t)+iy 2 {t), 

for real functions Xj and yj, with j = 1, 2, it is a straightforward computation 
to obtain that (TT6l) is a linear system of differential equations in the new 
variables xi,x 2 ,yi and y 2 that can be written as follows: 



yi 

\ & J 



( b' 2 -b 2 -b 3 + b> 3 -h + b[ \ 



b 2 - b' 2 
b 3 - b' 3 
\bi-b[ 





b[ + h 
-b, - b' 



-h - b[ b 3 + b' 3 


b 2 + b' 2 



-b 2 - b' 2 







/ 



x 2 

yi 
V J 



(17) 



In order to describe the curves in SU (2) relating two given Schrodinger 
equations (fTOl) with different t-dependent coefficients as solutions of this sys- 
tem of differential equations we have to additionally impose that x\ + x\ + 
yf + y 2 = 1. Nevertheless, for the time being we can forget such a restriction 
because it is automatically implemented by means of a condition on the ini- 
tial values of the variables x\, x 2 , y\ and y 2 of the equation. Therefore we can 
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deal with the four variables in the preceding system of differential equations 
(TTTT) as being independent ones. This linear system of differential equations 
is a Lie system associated with a Lie algebra of vector fields fl((4, R) but the 
solutions with initial condition related to a matrix in the subgroup SU(2) 
always remain in such a subgroup. In fact, consider the set of vector fields 

1 / d d d d 
Nx = - I -2/a « yi^— + x 2 — + xi — 

2 V dxi dx 2 oyi dy 2 

1 / d d d d 
N 2 = - \-x 2 ^ \-xt- y 2 - \-Vi^— 

2 \ dx x dx 2 ayi oy 2 

1 / d d d d 
N 3 = -2/i^— + 2/2^— + x 2 — 

2 \ dx\ dx 2 dyi dy 2 

N' 1 | 9 9 +x 9 -x 9 

1 2 \dxi Vl dx 2 X2 dyi Xl dy 2 

, 1 / d _ d d d 

2 2 \ 2 dx\ Xl dx 2 ^ 2 dyi ^ dy 2 

N' l( — 9 x 9 x 9 

3 2 \ l dx\ ^ 2 dx 2 Xl dyi X ' '' dy 2 



for which the non-zero commutation relations are given by: 

[Ni, N 2 ] = -N 3 , [N 2 , N 3 ] = -N x , [N 3 , N x } = -N 2 , 

[N[, N% = -Ni, [iV 2) N*,] = -N[, [Ni N[] = -N> 2 . 

Note that [Nj, N' k ] = 0, for j, k = 1,2,3, and therefore the system of 
linear differential equations (TT7l) is a Lie system in M 4 associated with a Lie 
algebra of vector fields isomorphic to g = su(2) ©su(2), i.e. the Lie algebra 
decomposes into a direct sum of two Lie algebras isomorphic to su(2), the 
first one is generated by {Ni, N 2 , N 3 } and the second one by {N[, iV 2 , N%}. 

If we denote x = (xi, x 2 ,yi,y 2 ) G M 4 , the system (TT7T ) can be written as 
a system of differential equation in R : 

^ = N(t,x), (18) 
with N(t) being the t-dependent vector field given by 

3 

N(t) = J2(h(t)N k + b' k (t)N' k ). 

k=X 
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The family of vector fields {N\, N 2 , N 3 , N[, N' 2 , N^} generate an involutive 
distribution of rank three in almost any point of M 4 and consequently there 
exists, at least locally, a first-integral for all the vector fields (TT8l) . It can 
be verified that such a first-integral is globally defined and reads I(x) = 
x\ + x\ + yf + y\- Hence, given a solution x(t) of the system (I2TI) with 
/(x(0)) = x 1 (0) 2 + a;2(0) 2 + ?/ 1 (0) 2 + ?/2(0) 2 = 1, then I{x(t)) = 1 at any time 
t and the solution x(t) can be related to a curve in SU (2). Therefore, we have 
found that the curves in SU{2) relating the two different curves associated 
with two Schrodinger equations as in (fTOl) can be described by the solutions 
x{t) of the system (fT8l) with /(x(0)) = 1, and viceversa: 

Theorem 1. The curves in SU{2) relating two equations in the group SU{2) 
characterised by the curves in TjSU{2) 

3 3 

a'(t) - - ^ b' k (t)& k , a(t) - - ^ b k (t)& k 

k=l k=l 

are described by the solutions of the system 
with 

3 

N(t) = J2Mt)Nk + b' k (t)Nk)i 

k=X 

and such that l(x(0)) = 1. This is a Lie system related to a Lie algebra of 
vector fields isomorphic to su(2) ©su(2). 

As a consequence of the previous Theorem and the theorem of existence 
and uniqueness of solutions of differential equations, we get the next corollary. 

Corollary 1. Given two Schrodinger equations associated with curves a!(t) 
and a(£) in su(2) there always exists a curve in SU (2) relating both systems. 

Even if we know that given two equations in the Lie group SU(2) there 
exists always a transformation relating both which is a solution of the Lie 
system (Tl8l) . in order to find such a curve one must explicitly solve this system 
of differential equations. This is a Lie system related to a non-solvable Lie 
algebra, then it is not easy to find its solutions in general, e.g. it is not 
integrable by quadratures. 
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From this viewpoint, it is clear the existence of integrability conditions 
that will be used in next Sections for obtaining exact solutions of some phys- 
ical problems in Quantum Mechanics. 

6 Integrability conditions for SU (2) Schrodinger 
equations. 

We start this section by reviewing some results about integrability con- 
ditions derived in [9] from the perspective of the theory of Lie systems. The 
results given there are a little bit different from those shown in this Sec- 
tion but the fundamental aspects remain the same. Indeed, the approach 
described along this Section can be applied to any Lie system in Classical 
and Quantum Mechanics. This fact clearly illustrates the importance of the 
method in order to obtain any kind of integrable Lie system. 

As it was shown in the preceding Section, if the curve g(t) C SU(2) 
transforms the equation in this Lie group defined by the curve a(t) into 
another one characterised by &'(t) according to the rule (fl5l) and g'(t) is a 
solution for the equation characterised by a'(t), then g{t) = g~ l {t)g'{t) is a 
solution for the equation in SU{2) characterised by a(t). Hence, the curve 
g{t) enables us to get the solution g{t) of the equation in SU{2) determined 
by a(t) from the solution g'{t) for the equation determined by a'(t) and 
viceversa. 

When a!{t) lies in a solvable Lie subalgebra of su(2) we can obtain g'{t) 
in many ways, e.g. by quadratures or by other methods as those used in [7]. 
Then, once g'{t) is obtained, the knowledge of the curve g{t) transforming 
the curve &(t) into a!{t) provides us the solution curve g{t). 

Therefore we begin with a curve a!{t) in a solvable Lie subalgebra of su(2) 
and using (fl~8l) . with curves in a restricted family of curves in SU(2), we relate 
it to other possible curves a(i), finding in this way a family of equations in 
SU(2), and thus spin Schrodinger equations in TC, that can be exactly solved. 

Suppose we put some restrictions in the family of curves used in the 
system differential equations ( |T8l) . for instance we choose b = 0. As a con- 
sequence, there are instances for which this system of differential equation 
does not admit any solution and it is not possible to connect the curves a(t) 
and a'(t) by a curve satisfying the assumed restrictions. Thus this gives rise 
to some compatibility conditions for the existence of one of these special 
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solutions, either algebraic and/or differential ones, between the t-dependent 
coefficients of a!{t) and a(t). It is shown later on that such restrictions corre- 
spond to some integrability conditions that describes some exactly solvable 
models proposed in the literature. So, our approach is useful to provide 
exactly integrable models found in the literature. 

The two main ingredients to be taken into account in what follows are: 

1. The equations which are characterised by a curve a'(t) for which the 
solution can be obtained. We always suppose that a'(t) is related to a 
onedimensional Lie subalgebra of su(2). 

2. The restriction on the set of curves considered as solutions of the equa- 
tion ([Hp. In next sections we look for solutions of ([211 related to curves 
in a one-parameter subset of SU{2). 

Consider the next example of our theory: suppose we try to connect any 
ait) with a final family a'(t) of curves of the form af(t) = D(t)(ciai + C2a 2 + 
c 3 a 3), with Cj real numbers. In this way, the system of differential equations 
([21"]) describing the curve g(t) C SU(2) which connects these curves reads: 

, 3 3 

^ = J2 b k(t) N k^) + D(t)J2 c M^) = N(t,x). (19) 

k=l k=l 

Now, as the vector field 

3 

N' = J2ckK, 

k=l 

is such that 

[N k ,N'} = 0, k = 1,2, 3, 

the Lie system (fT9l) is related to a Lie algebra of vector fields isomorphic to 
Su(2)©R. As this Lie system has a non-solvable Vessiot-Guldberg Lie algebra 
of vector fields, it is not integrable by quadratures and the solution cannot 
be easily found in the general case. Nevertheless, it is worthy to remark that 
( fT9l) has always a solution. 

In this way we can consider some instances of (fT9l) for which the resulting 
system of differential equations can be integrated by quadratures. We can 
consider that x is related to a one-parameter family of elements of 577(2). 
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Such a restriction implies that ( IT9l) has not always a solution because some- 
times it is not possible to connect a(t) and a!(t) by means of the chosen one- 
parameter family. This fact imposes differential and algebraic restrictions to 
the initial t-dependent functions bk, with k = 1,2,3. These restrictions will 
describe previously known integrability conditions and other new ones. So, 
we can develop the ideas of [HI [9] in the framework of Quantum Mechanics. 
Moreover, from this viewpoint we can find new integrability conditions that 
can be used to obtain exact solutions. 

7 Application of integrability conditions in a 
577(2) Schrodinger equation. 

In this Section we restrict ourselves to the case a'(t) = — D(t)a 3 , i.e. 

b[(t) = 0, b' 2 (t)=0 } b' 3 (t) = D(t). (20) 

Hence, the system of differential equations (fTTl) describing the curves g re- 
lating a Schrodinger equation to H'(t) = D{t)S z is 



/ x l \ 




/ 





-b 2 -h + D -bi 


\ 


( Xi \ 




1 




b 2 


-6i b 3 + D 




x 2 


yi 


~~ 2 




h-D 


b x -b 2 




Vi 


U / 




V 


bi 


-6 3 - D b 2 


/ 


v 2/2 y 



(21) 



We see that according to the result of Theorem [Q the t-dependent vector 
field corresponding to such a system of differential equations can be writ- 
ten as a linear combination with t-dependent coefficients of the vector fields 
N U N 2 ,N 3 and N^. 

3 

N(t) = J2 b k(t)N k + D(t)N' 3 . 

k=l 

Thus the system ( T2TT ) is associated with a Lie algebra of vector fields iso- 
morphic to u(l) © su(2). This Lie algebra is simpler than the initial one 
(ITT)) , but it is not solvable and the system is as difficult to be solved as the 
initial Schrodinger equation. Therefore in order to get exactly solvable cases 
we need to perform once again some kind of simplification, i.e. by means of 
some extra conditions on the variables. This means that the obtained system 
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of differential equation may have no solution with the additional conditions 
imposed. The necessary and sufficient conditions required to the initial and 
final t-dependent functions in order to be able to obtain a solution compati- 
ble with the assumed restrictions give rise to integrability conditions for spin 
Hamiltonians. 

Suppose for instance that we impose the solutions to be in the one- 
parameter subset A 1 C SU(2) given by 



A 



cos | 
e sm ^ 



-e bl sin 2 
cos | 



b G [0,2tt) 



(22) 



such a case Ay = ±1. In view of the definition of the sets A 1 and in terms 



where 7 is a fixed real constant such that 7 7^ 27m, with n G Z, because in 
such a case Ay = ±1. In view of tfi 
of the parametrisation ljT4j) we have 

7 

xi = cos -, Ui = 0, x 2 = 



• 7 1, 
sm — cos 0, 



?/2 



7 



sin — sin 6. 
2 



The elements of Ay are matrices in SU{2) and the system of differential 
equations we obtain reads 



(23) 



1 ^ 




/ 





-b 2 -b 3 + D 


-h 


\ 


/ X\ \ 




1 




b 2 


-61 


h + D 




x 2 





~ 2 




b 3 -D 


61 


-b 2 







J 




V 




-63 -D b 2 





/ 





and then we get as two integrability conditions for the system (1231) : 

= -b 2 x 2 - 612/2, 

= (63 - L>)xi + 6ix 2 - 6 2 ?/2- 



(24) 



We can write the components (B x (t), B y (t), B z (t)) of the magnetic field in 
polar coordinates, 

B x (t) = B(t) sin0(t) cos0(t), 

= B(t) sin0(t) sin0(t), 

= cos0(t), 

with e [0,tt) and G [0,2tt). 

The first algebraic integrability condition reads in polar coordinates as 
follows: 

B{t) sin 6(t) sin | (cos <p{t) sin 6(t) - sin <f>(t) cos 6(t)) = 
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and thus 

B(t) sin0(t) sin ~ sin(6(t) - <j>(t)) = 0, 

from where we see that b(t) = </>(t). In such a case the second algebraic 
integrability condition in (1241) reduces to 



7 7 
(B z — D) cos — — B sin — sin 9 — 



and then the t-dependent coefficient D is 

£ /7 



COS 7T V 2 



I> = _cos(i + 0). (25) 



Finally we have to take into account the differential integrability condition 

1/7 7 ^ 

ii = ^ ^2 cos - + (6 3 + D) sin - sin b ^ 

which after some algebraic manipulation leads to 



D /sin(0 + 2) + cos(f + 



sin ^ cos I 



and then 

sm7 

which is a far larger set of integrable Hamiltonians than the one of the exactly 
solvable Hamiltonians of this type found in the literature. As a particular 
example, when 6 and B are constants we find 

i = B M£±jl= (27) 
sin 7 

and consequently, 

(j) = Ut + 00- 

In this way, we get that the t-dependent spin Hamiltonian H(t) determined 
by the magnetic vector field 

B(t) = £>(sin 6 cos(u;t), sin^ sin(u;£), cos#) 

is integrable. 
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Another interesting integrable case is that given by 9 = tt/2, that is, the 
magnetic field moves in the XZ plane, see [201 EE]. In such a case, in view 
of the integrability conditions (l27|) . the angular frequency reads 

= —B cotan7 = uj. 

The last one of the most known integrable cases, that given by a magnetic 
field in a fixed direction B (t) = B (t) (sin 9 cos 0, sin 9 sin 0, cos 9) , satisfies the 
integrability condition (|26l) for 7 = — 9. 

Apart from the previous cases, the integrability condition (1261) describes 
more, as far as we know new, integrable cases. For instance, consider the 
case with 9 fixed and B non-constant. In this case, the corresponding H(t) 
is integrable if 

sin(6 l + 7) 
B sin 7 ' 

that is, if we fix 7 = 7r/2 we have that 

u = = -B(t) cos 9 (f)(t) = - cos 9 j B(t')dt'. 

Furthermore, we can consider 9{t) = t and B constant. In this case, if we 
fix 7 = —tt/2, we get that the t-dependent Hamiltonian H(t) is integrable if 
the 4>{t) for B(t) holds the condition 

= —B cos t (p(t) = —B sin t. 

To sum up, we have shown that there exists a complete family of t- 
dependent integrable spin Hamiltonians much broader than the until now 
known integrable cases. It is also easy to verify if a t-dependent spin Hamil- 
tonian holds the integrability condition f|26l) and then it can be integrated. 

8 Applications in Physics. 

In this section we use the results of the previous Section in order to solve 
a t-dependent spin Hamiltonian 

H{t) = B(t) ■ S, 



18 



which appears broadly Physics: that one characterised by the particular 
magnetic fields 



B(t) = B {sinB cos (ut), sin 0sin(wt), cos 9), (28) 

that is, magnetic fields with a constant modulus rotating along the OZ axis 
with a constant angular velocity u>. Such Hamiltonians have been applied, 
for instance, to analyse the precession of a spin in a transverse t-dependent 
magnetic field [15], investigate the adiabatic approximation and the unitarity 
of the t-evolution operator through such an approximation [IHCE7], etc. 

In the previous Section we showed that this t-dependent Hamiltonian is 
integrable. Indeed, the integrability condition ([27]) can be written as 



sin 9 , s 

tan7 = - , (29) 

~ — cos 9 

where we recall that 7 must be a real constant. In the case of our particular 
magnetic field ([281 the angular frequency, u = <p, the angle 9 and the modulus 
B are constants. Therefore 7 is a properly defined constant, the integrability 
condition (1271) holds and the value of 7 is given by equation ([291) in terms of 
the parameters B, 9 and uj describing the magnetic vector field. 

We have already shown that whether B(t) satisfies ([271) then H(t) is 
integrable because it can be transformed by means of a t-dependent change of 
variables in TC induced by a curve g(t) in the set A 1 into a straightforwardly 
integrable Schrodinger equation determined by a t-dependent Hamiltonian 
H'{t) = D{t)S z . For the sake of simplicity let us parametrise the elements of 
A,, in a new way. Consider that being a — (ax, cr 2 , cr 3 ) and n e K. with the 
matrices Oi the Pauli matrices <J x ,a y and a z , we have 

^■n4> = / cos ^ _|_ . sin </>. 

So, for ~n = (ai, «2, 0)/ \/af + a\ with real constants ax, 012 and taking into 
account that ai = i<7 x /2, a 2 = icr y /2 and a 3 = ia z /2, we get that 

5 ( cos- — e~ iip sin - \ 

exp(a iai + a 2 a 2 ) = exp(i- a n ) = ^ g . 2 g 2 \ ( 30 ) 

with 5 = \fa\ + a\ and e~ %ip = (ax + ia.2)/ ya| + of. In terms of 5 and 
the variables «i and a 2 can be written «i = 5 sirup and a 2 = — 5 cosy?. 
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Hence, in view of (|30l) . we see that we can describe the elements of A 1 as 

(cos ~ — c~ sin — \ 
^ . 2 y -7 2 = exp(7sin6ai — 7cos6a 2 ), (31) 

e sin \ cos \ ) 



where b and 7 are real constants. For magnetic vector fields (1281 ). the t- 
dependent change of variables transforming the initial H(t) into an integrable 
H'{t) = D(t)S z is determined by a curve in with 7 determined by the 
equation (|29|) and 6(t) = Thus, such a curve in A 1 has the form 

t 1— > exp(7 sin(ujt) a x — 7 cos(u;t) a 2 ). (32) 

We emphasise that the above t-dependent change of variables in 57/(2) trans- 
forms the equation in SU(2) determined by the initial curve 

a(i) = -B w (t)&! - B y (t)& 2 - B z (t)a 3 , 

into and a new equation in 57/(2) determined by a curve a'(£) = — D(t)a 3 . 
Such a t-dependent transformation in SU (2) induces a t-dependent unitary 
change of variables in TC transforming the initial Schrodinger equation deter- 
mined by the t-dependent Hamiltonian H(t), i.e. 

d -± = -iH{t){^ 

into the new Schrodinger equation 

dip 



dt 



-iH'{t)W) = -iD{t)S z {i>'). (33) 



being the relation between ip and ip' given by the corresponding t-dependent 
change of variables in TC induced by the curve (l32l . i.e. 

ip' = exp(7 sm(cjt) iS x — 7 cos(ut) iS y )ip. (34) 

In view of expression (1251) , we see that 

7 

D = £>(cos 9 — tan— sin 9), 
and from (129]) ant taking into account that 



2tan| 7 -1 ± Jl + tan 2 7 

tan / = \ — 1 — 2T tan o = : ; 

1 — tan ^ 2 tan7 
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we obtain 

1 1 / UJ / OJ 2 OJ \ 

tan- = h cos 9 ± \ — - — 2— cos 9 + 1 . 

2 sin 9 y B V B 2 B j 

Using this result in the latter expression for D, such a function becomes a 
constant which can be written in terms of the variables 9, and B as 

D = uj ± Voj 2 - 2ojBcos9 + B 2 . 

Thus the general solution ip'(t) for the Schrodinger equation (l33l ) with initial 
condition ip'(0) is 

i[)'(t) = ex.p(-itDS z )i[>'(0). 

And the solution for the initial Schrodinger equation with initial condition 
ip(0) can be obtained by inverting the t-dependent change of variables (1341) 
to get 

ip{t) = exp (— ry sin cut S x + i'j cos tut S'y) exp (—iDtS z ) ip(0). 

9 Conclusions and Outlook 

We have shown that some previous results of the theory of integrability con- 
ditions developed in [9] are straightforwardly applicable to a larger set than 
Riccati equations. Indeed, we have shown that these results can be applied 
to Schrodinger equations on infinite-dimensional manifolds in order to obtain 
non-trivial exactly solvable ^-dependent quantum Hamiltonians that are used 
in many fields of Physics. 

As a consequence of this it is clear that it is possible to generalise the 
procedure shown in [9] to a more general framework and this fact is worthy 
of a deeper study. 
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